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Abstract
Let n be a natural number and q be the power of a prime p. The general, special and projective special
linear groups are denoted by GLn(q), SLn(q) and PSLn(q), respectively. In this paper we find the maximum
order of an element of the above groups which is a multiple of p.
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1. Introduction
Finding element orders in finite groups of Lie type is an important research problem in group
theory. It has applications in recent researches concerning characterization of linear groups by
the set of element orders, for example see [2,5,7]. In [1] we presented a method to find the set
of element orders in the groups GLn(q), SLn(q) and PSLn(q), where q = pf is a prime power.
We also found upper bounds for element orders for the groups GLn(q) and PSLn(q). In [6] the
maximum order of an abelian subgroup of a group of Lie type is given such that whose order is
prime to the characteristic of the defining field. In this paper we are interested in the maximum
order of an element in the groups GLn(q), SLn(q) and PSLn(q) whose order is a multiple of p,
the characteristic of the defining field.
E-mail address: darafsheh@ut.ac.ir.1071-5797/$ – see front matter © 2008 Elsevier Inc. All rights reserved.
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the following we will recall some concepts and results from [4]. In this paper all polynomials
f (x) ∈ Fq [x] have the property that f (0) = 0, i.e., f (x) is not divisible by x. The order of f (x),
denoted by ord(f ), is the least positive integer e such that f (x) divides xe − 1. By [4, p. 84]
such an e exists and 1 e  qn − 1, moreover if f (x) is irreducible and monic with degree n,
then ord(f ) | qn − 1, and there is a monic irreducible polynomial f (x) of degree n such that
ord(f ) = qn − 1.
The companion matrix of a monic polynomial f (x) = xn − an−1xn−1 − an−2xn−2 − · · ·− a0




0 0 · · · 0 a0
1 0 0 a1





0 0 1 an−1
⎤
⎥⎥⎥⎥⎦ .
It is well known that f (x) is the characteristic polynomial of A, i.e., f (x) = det(xI − A),
where I is the n by n identity matrix. By assumption we have a0 = 0, hence A ∈ GLn(q).
By [4, p. 408] ord(f ) is equal to the order of the matrix A ∈ GLn(q). This fact is useful to
find the order of elements of GLn(q).
By [4, p. 87] the general formula for the order of a polynomial f (x) over Fq is Theorem 3.11
which is stated below.
Result 1. Let f (x) ∈ Fq , where q = pf is a power of a prime p and f (0) = 0. Let f (x) =
af1(x)k1f2(x)k2 · · ·fs(x)ks be the factorization of f (x) as the product of distinct irreducible
monic polynomials fi(x), 1 i  s, and a ∈ Fq , k1, . . . , ks ∈ N. Then ord(f ) = ept , where e is
the least common multiple of ord(f1), . . . ,ord(fs), i.e., e = lcm(ord(f1), . . . ,ord(fs)) and t is
the smallest integer such that pt max{k1, . . . , ks}.





2 · · ·f νss ) where fi = fi(x) are monic irreducible polynomials of degree di over Fq ,
fi(0) = 0, 1  i  s, and ν1, ν2, . . . , νs are partitions of certain positive integers k1, k2, . . . , ks ,
respectively, such that
∑s
i=1 kidi = n. The characteristic polynomial of an element A in c is
m(x) = f k11 f k22 · · ·f kss . For positive integers k1, k2, . . . , ks with condition
∑s
i=1 kidi = n, there
is a conjugacy class c of GLn(q) such that if A ∈ c, then the minimal polynomial of A is m(x).
This is because if we simply take ki as a partition of itself and set c = (f k11 f k22 · · ·f kss ), then the
minimal polynomial of A ∈ c is m(x) = f k11 f k22 · · ·f kss . It is obvious that if there is a conjugacy
class of type c above with minimal polynomial t (x) then t (x) | m(x) and hence ord(t) | ord(m).
Therefore as far as the maximum order of elements in the conjugacy class of a given type c is
concerned we must calculate ord(m) where m = m(x) is given with the condition∑si=1 kidi = n
where di = deg(fi), 1 i  s. But by [4], if f (x) ∈ Fq [x] is a monic irreducible polynomial of
degree d , then ord(f ) | qd − 1 and furthermore there is an irreducible polynomial of degree d
over Fq with order qd − 1. Therefore using Result 1 we obtain the following result for the
maximum order of elements in the group GLn(q).
Result 2. Let m(x) ∈ Fq [x], m(0) = 0, q = pf , p a prime number, and let m(x) = f k11 f k22 · · ·f kss
be the product of distinct monic irreducible polynomials fi = fi(x) of degree di over Fq ,
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non-negative integer such that pt  max{k1, . . . , ks}. Moreover if ∑si=1 kidi = n, then GLn(q)
has an element with the above order.
In the next section we will use the above result to find an upper bound for the order of elements
in groups related to GLn(q), q = pf , p a prime, which are multiples of p.
2. Upper bounds for element orders
Let GLn(q) denote the general linear group in dimension n over the Galois field Fq where
q = pf is a power of a prime p. First of all we are interested in an upper bound for the order of
elements of GLn(q) which are a multiple of p.
Lemma 1. Let n, k1, k2, . . . , ks, d1, d2, . . . , ds be natural numbers such that ki  2 for at least
one i and
∑s
i=1 kidi = n. Let p be a prime number and t be the smallest non-negative integer
such that pt max{k1, . . . , ks}. Then pt−1 lcm(qd1 −1, qd2 −1, . . . , qds −1) qn−2 −1, where
q = pf is a power of the prime p.
Proof. Before proceeding the proof of the lemma we notice that the inequality pt−1  t + 1
holds for t > 2, also the following inequality can be proved by induction: (qd1 − 1)(qd2 − 1) · · ·
(qds − 1) qd1+d2+···+ds − 1.
Let k1  k2  · · ·  ks . By assumption we have ks  2. From pt  max{k1, k2, . . . , ks} =
ks  2 we obtain t  1. We consider a few cases.
Case 1. t = 1.
Since ki  1 for all 1 i  s holds, we obtain n = k1d1 +· · ·+ ks−1ds−1 + ksds  d1 +· · ·+
ds−1 + 2ds , from which we obtain:
d1 + · · · + ds−1 + ds  n − ds. (1)
If ds  2, then from (1) we obtain:
d1 + · · · + ds−1 + ds  n − 2. (2)
Now using (2) and the remark made earlier we obtain: pt−1 lcm(qd1 − 1, qd2 − 1, . . . ,
qds − 1) qd1+d2+···+ds − 1 qn−2 − 1 and the required inequality is proved.
If ds = 1, then d1 + · · ·+ ds−1  n− 2, hence pt−1 lcm(qd1 − 1, . . . , qds − 1) = lcm(qd1 − 1,
. . . , qds−1 − 1) qd1+···+ds−1 − 1 qn−2 − 1. And again the required inequality is proved.
Case 2. t = 2.
In this case from p2  max{k1, . . . , ks} = ks , we obtain ks  3. again we can write: n =
k1d1 + · · · + ksds  d1 + · · · + ds−1 + 3ds , which implies
d1 + d2 + · · · + ds  n − 2ds. (3)
If ds  2, then from (3) we obtain
d1 + d2 + · · · + ds  n − 4. (4)
Now using (4) we can write:
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(
qd1 − 1, . . . , qds − 1) p(qd1 − 1) · · · (qds − 1) p(qd1+···+ds − 1)
 p
(
qn−4 − 1)= p(pf (n−4) − 1) p1+f (n−4) − 1
 pf (n−2) − 1 = qn−2 − 1
and the required inequality is proved.
If ds = 1, then d1 + · · · + ds−1  n − 3, and we can write:
pt−1 lcm
(
qd1 − 1, . . . , qds − 1)= p lcm(qd1 − 1, . . . , qds−1 − 1) p(qd1+···+ds−1 − 1)
 p
(
qn−3 − 1)= p(pf (n−3) − 1) p1+f (n−3) − 1
 pf (n−2) − 1 = qn−2 − 1
and again the required inequality is proved.
Case 3. t  3.
As we mentioned in the beginning of the proof, in this case we have pt−1  t +1. By assump-
tion t is the smallest non-negative integer for which pt max{k1, . . . , ks} = ks , hence pt−1 < ks .
Now from n = k1d1 + · · · + ks−1ds−1 + ksds , we obtain n  d1 + · · · + ds−1 + pt−1ds =
d1 + · · · + ds + (pt−1 − 1)ds , hence
d1 + · · · + ds  n −
(
pt−1 − 1)ds. (5)
If ds  2, then
d1 + · · · + ds  n − 2
(
pt−1 − 1). (6)
Now using (6) we can write:
pt−1 lcm
(
qd1 − 1, . . . , qds − 1) pt−1(qd1+···+ds − 1) pt−1(qn−2(pt−1−1) − 1)
= pt−1(pf (n−2pt−1+2) − 1) pt−1+f (n−2pt−1+2) − 1
 pf (n−2) − 1 = qn−2 − 1.
The above inequality holds because:
f (n − 2) − f (n − 2pt−1 + 2)= f (2pt−1 − 4)= 2f (pt−1 − 2) 2f (t + 1 − 2)
 2(t − 1) t − 1.
Finally if ds = 1, then we can write:
n = k1d1 + · · · + ks−1ds−1 + ks  d1 + · · · + ds−1 + pt−1,
which implies d1 + · · · + ds−1  n − pt−1. Using the last inequality we can write:
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(
qd1 − 1, . . . , qds − 1)= pt−1 lcm(qd1 − 1, . . . , qds−1 − 1) pt−1(qd1+···+ds−1 − 1)
 pt−1
(
qn−pt−1 − 1)= pt−1(pf (n−pt−1) − 1)
 pt−1+f (n−pt−1) − 1 pf (n−2) − 1 = qn−2 − 1.
The last inequality holds because f (n − 2) − f (n − pt−1) = f (pt−1 − 2) f (t + 1 − 2)
t − 1.
Therefore the required inequality holds and the lemma is proved. 
Theorem 1. Let A ∈ GLn(q), q = pf , p a prime number. Let p | O(A).
(a) If n = 2, then O(A) p(q − 1).
(b) If n = 3 and p = 2, then O(A) 4(q − 1).
(c) In other cases O(A) p(qn−2 − 1).
Moreover in all of the above cases there is an element of GLn(q) whose order attains the
upper bound.
Proof. Let m(x) = f k11 f k22 · · ·f kss be the characteristic polynomials of A, where each fi is irre-
ducible of degree di and
∑s
i=1 kidi = n. Since we have assumed p | O(A), by Result 2, at least
of the ki must be grater than 2. We will consider the following cases.
Case 1. n = 2.
In this case clearly m(x) = f 21 where f1 is of degree 1. Since there is a polynomial of degree
q − 1, the maximum order of A is p(q − 1) and such an A exists.
Case 2. n = 3 and p = 2.
In this case either m(x) = f 21 f2 or m(x) = f 31 , where f1 is of degree 1 and f2 is irreducible of
degree 2. Since there is an irreducible polynomial of degree d with order qd − 1, by Result 2 the
maximum order of m(x) = f 21 f2 is 2(q − 1) and the maximum order of m(x) = f 31 is 4(q − 1)
and (b) of the theorem is proved.
Case 3. n > 3 or n = 3 and p is odd.
If n = 3 and p is odd, then the maximum order of m(x) = f 21 f2 or m(x) = f 31 in any case
is p(q − 1). Therefore we will assume n > 3. We consider m(x) = f 21 f2 where f1 is of degree
one and f2 is irreducible of degree n − 2 2. Since there is a polynomial of degree n − 2 with
order qn−2 − 1, the maximum order of m(x) is p(qn−2 − 1). Next we will show p(qn−2 − 1) is
maximal among the element orders of GLn(q) which are a multiple of p.
Let A ∈ GLn(q) with order a multiple of p. Let m(x) = gk11 gk22 · · ·gkss be the characteris-
tic polynomial of A where gi is irreducible of degree di and
∑s
i=1 kidi = n, where ki, di > 0,
i  1 s. Since p | O(A), by Result 2 we must have ki  2 for some i  1 s. In this case we
have O(A) = pt lcm(qd1 − 1, . . . , qds − 1) where t is the smallest non-negative integer such that
pt max{k1, . . . , ks}. From ki  2 we deduce that t  1. Since k1d1 +· · ·+ks−1ds−1 +ksds = n,
all conditions of Lemma 1 hold and we can write:
O(A) = pt lcm(qd1 − 1, . . . , qds − 1)= ppt−1 lcm(qd1 − 1, . . . , qds − 1) p(qn−2 − 1),
and the theorem is proved. 
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m(x) = det(xI − A) = f k11 f k221 · · ·f kss , where fi = fi(x), 1  i  s, is an irreducible poly-
nomial in Fq [x]. We have m(0) = (−1)n detA, hence A ∈ SLn(q) if and only if m(0) =
f1(0)k1f2(0)k2 · · ·fs(0)ks = (−1)n, i.e. the constant term of m(x) is 1 if n is even and is −1
if n is odd. We use the above remark in future consideration.
Lemma 2. Let f (x) ∈ Fq [x], where q is odd and f (x) is irreducible with constant term a2(−a2)
a square (minus a square) element of Fq . Then the maximum order of f (x) is 12 (qn − 1) in the
case of n even (odd) number. If n is odd (even) the maximum order of f (x) is 12 (qn − 1) if
q ≡ 1 (mod 4) and is qn − 1 if q ≡ 3 (mod 4).
Proof. Let f (x) = xn + · · · + a1x + a2 be irreducible, then by [4] the order of f (x) is equal to
the order of any root of f (x) in the multiplicative group F×qn . If α is a root of f (x) in F
×
qn , then
all the roots of f (x) are α,αq, . . . , αqn−1 . Therefore (−1)nααq · · ·αqn−1 = a2 which implies
α
qn−1
q−1 = (−1)na2. (∗)
We will consider two cases.
Case (i). q is even.
In this case (∗) will imply α q
n−1
q−1 = a2. Since a = 0 we can choose it in F×q with maximum
order of q − 1. In this case a2 will have order 12 (q − 1) and the order of α would be 12 (qn − 1).
Moreover given any a ∈ F×q there is α ∈ F×qn satisfying the equation t
qn−1
q−1 = a2. Therefore the
lemma in the case of n even is proved.
Case (ii). n is odd.
In this case from (∗) we will obtain α q
n−1
q−1 = −a2. Again we can choose a to have maximum
order 12 (q − 1). Clearly if q ≡ 1 (mod 4), then O(−a2) = 12 (q − 1), and if q ≡ 3 (mod 4), then




n − 1), if q ≡ 1 (mod 4),
qn − 1, if q ≡ 3 (mod 4).
Since the equation t
qn−1
q−1 = −a2 has a root in F×qn for any a ∈ F×q , the lemma is proved in the
case of n odd.
Next we let f (x) = xn +· · ·+ a1x − a2. If the roots of f (x) in F×qn are α,αq, . . . , αq
n−1
, then
we will obtain (−1)nααq · · ·αqn−1 = −a2, hence
α
qn−1
q−1 = (−1)n+1a2. (∗∗)
If n is odd, then α
qn−1
q−1 = a2 and this corresponds to case (i) of the proof. If n is even then (∗∗)
implies α
qn−1
q−1 = −a2 and this is the same as case (ii) of the proof. Therefore the lemma is
proved. 
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without proof.
Lemma 3. Let q and m be natural numbers with q odd. Then:
lcm
(







qm − 1, if m is odd,
1
2 (q
m − 1), if m is even.
Lemma 4. Let q be a power of the prime p. Let A ∈ SLn(q) has order a multiple of p. Then
there is A ∈ SLn(q) with the following orders:
(a) n = 2:
O(A) = 2 if p = 2,
O(A) = 2p if p = 2.
(b) n = 3:
O(A) = 4 if q = p = 2,
O(A) = 12 if q = 4,
p(q − 1), otherwise.
(c) n 4:
24 if (n, q) = (4,3),
p(qn−2 − 1) if q is even, or n is odd,
1
2p(q
n−2 − 1) if n is even and q is odd.
Proof. Let A ∈ GLn(q) and m(x) be the characteristic polynomial of A. By [4, p. 408] the
order of A is equal to the order of m(x), furthermore A ∈ SLn(q) if and only if m(0) = (−1)n.
Therefore in the proof we will construct polynomials with the order indicated in the statement of
the lemma.
(a) Suppose n = 2. Let m(x) = (x + a)2 and m(0) = a2 = 1. If p = 2, then a = 1, and
ord(m) = 2. If p = 2, then we may choose a = −1 whose order is 2, hence ord(m) = 2p.
(b) Suppose n = 3. First let us take m(x) = (x + a)2(x + b) where a, b ∈ Fq . From m(0) =
a2b = −1 we obtain b = −a−2, hence m(x) = (x + a)2(x − a−2). Using Result 2 and Lemma 3
we obtain ord(m) = p(q − 1) provided we choose a of order q − 1.
If p = 2, then we take m(x) = (x + a)3 with m(0) = a3 = 1. If q = 2, then a = 1 and
ord(m) = 4. If q = 4, then we can choose a with order 3, hence ord(m) = 12 and we are done in
this case.
(c) Assume n 4. We take m(x) = (x + a)2f (x) where f (x) = xn−2 + · · · + a1x + b is an
irreducible polynomial of degree n − 2 in Fq [x] with f (0) = b = 0. From m(0) = a2b = (−1)n
we obtain b = (−1)na−2. Therefore we have f (x) = xn−2 + · · · + a1x ± a−2 in the respective
cases of n even or odd. If q is even, then f (x) = xn−2 +· · ·+a1x +a−2 and since every element
of Fq is a square, we can take f (x) of maximum order qn−2 − 1. Therefore the order of m(x) in
this case, by Result 2, will be p(qn−2 − 1). Thus we may assume q is odd. By Lemma 2 we can
choose f (x) of maximum order 12 (q
n−2 − 1). Therefore by Result 2 and Lemma 3 we have:
ord(m) = p lcm
(







p(qn−2 − 1), if n is odd,
1
2p(q
n−2 − 1), if n is even.
Therefore the major parts of (c) is proved.
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ord(x2 + x + 2) = 8, we obtain ord(m) = 3.8 = 24. Now the lemma is proved. 
Theorem 2. Let A ∈ SLn(q), where q is a power of the prime p. If the order of A is divisible
by p, then we have the following upper bounds for O(A). Moreover O(A) attains the upper
bounds in all of the cases:
(a) O(A) 2,4,12 or 24 in respective cases (n, q) = (2,2f ), (3,2), (3,4) or (4,3).
(b) O(A) 2p if n = 2 and p is odd.
If n 3 and q is not 2 or 4, then:
(c) O(A) p(qn−2 − 1) if q is even or n is odd.
(d) O(A) 12p(qn−2 − 1) if n is even and q is odd.
Proof. The existence of the element A whose order attains the indicated upper bound in the
statement of the theorem is evident by Lemma 4. Cases (a) and (b) of the theorem can be verified
easily in the special cases of n = 2 and n = 3. For case (c) using Theorem 1 we know that
for A ∈ GLn(q) with p | O(A) we have O(A)  p(qn−2 − 1), hence this case is also proved.
Therefore it remains to prove case (d).
Assume n > 2 is even and q is odd. Let A ∈ SLn(q) be such that whose order is a multiple
of p. We must prove O(A)  12p(qn−2 − 1). Let m(x) = gk11 gk22 · · ·gkss be the characteristic
polynomial of A where gi = gi(x) is irreducible by degree di , 1  i  s, and ∑si=1 kidi = n,
di > 0, m(0) = g1(0)k1g2(0)k2 · · ·gs(0)ks = 1 and for at least one i, ki  2. In this case we know
that the order of A is pt lcm(qd1 − 1, . . . , qds − 1), where t is the least non-negative integer for
which pt  max{k1, . . . , ks}. We may assume k1  k2  · · ·  ks and continue the proof in the
following steps.
(i) t  2.
We have pt  ks , hence pt−1 < ks . From n = k1d1 + · · · + ksds we deduce n > d1 + · · · +
ds−1 + pt−1ds from which it follows that n d1 + · · · + ds−1 + pt−1ds + 1 and
d1 + · · · + ds  n − 1 −
(
pt−1 − 1)ds. (7)
If ds  2, then (7) implies
d1 + · · · + ds  n − 1 − 2
(
pt−1 − 1). (8)
Using (8) we may write:
pt−1 lcm
(
qd1 − 1, . . . , qds − 1) pt−1(qd1+···+ds − 1)
 pt−1
(
qn−1−2pt−1+2 − 1) pt−1+f (n−2pt−1+1). (9)
Since p is odd the inequality pt−1  t + 1 holds from which we can derive:




 2f (t − 1) 2(t − 1) t2
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therefore pt lcm(qd1 − 1, . . . , qds − 1) 12p(qn−2 − 1) and case (d) is proved if ds  2.
If ds = 1, then n = k1d1 + · · · + ks−1ds−1 + ks > d1 + · · · + ds−1 + pt−1, which implies
n d1 + · · · + ds−1 + pt−1 + 1 and hence d1 + · · · + ds−1  n − 1 − pt−1. Therefore
O(A) = pt−1 lcm(qd1 − 1, . . . , qds − 1)= pt−1 lcm(qd1 − 1, . . . , qds−1 − 1)
 pt−1
(
qd1+···+ds−1 − 1) pt−1(qn−1−pt−1 − 1) pt−1+f (n−1−pt−1) − 1. (10)
Since the inequality pt−1  2t − 1 holds for p odd and t  2, we can write the right-hand
side of (10) as:
pt−1+f (n−1−pt−1) − 1 pt−1+f (n−2t) − 1 = pt−1+f (n−2)+f (2−2t) − 1




and therefore O(A) 12p(qn−2 − 1) and (d) is proved.(ii) t = 1.
In this case we have p  ks . We can write n = k1d1 + · · · + ksds  d1 + · · · + ds−1 + 2ds
hence
d1 + · · · + ds  n − ds. (11)
If ds  3, then from (11) we obtain d1 + · · · + ds  n − 3, hence O(A) = pt−1 lcm(qd1 − 1,
. . . , qds − 1) = lcm(qd1 − 1, . . . , qds − 1) qd1+···+ds − 1 qn−3 − 1 12 (qn−2 − 1) and (d) is
proved in this case.
Therefore we must have ds = 2 or 1. If ds = 2, then since ks  2 we obtain n = k1d1 +
· · · + ksds  d1 + · · · + ds−1 + 4. If at least for one i, 1 i  s − 1, di is even then we may as-
sume ds−1 is even so ds−1  2. Therefore lcm(qd1 −1, . . . , qds−1 −1, q2 −1) = lcm(qd1 −1, . . . ,
qds−1 − 1) qd1+···+ds−1 − 1 qn−4 − 1 12 (qn−2 − 1) and case (d) is proved.
If all the di , 1 i  s −1, are odd, then from g(0) = 1 we deduce lcm(qd1 −1, . . . , qds−1 −1,
q2 − 1) 12 (qd1+···+ds−1+2 − 1) 12 (qn−2 − 1) and again case (d) is proved.
Finally we assume ds = 1. This case is treated in the same manner as the case of ds = 2. This
completes the proof of Theorem 2. 
Finally we consider an upper bound for the order of elements in PSLn(q), q = pf , the or-
ders of which are multiples of the prime p. In fact we have PSLn(q) = SLn(q)Z , where Z = {λI |
λ ∈ F×q , λn = 1}. Therefore if g ∈ PSLn(q), then there exists A ∈ SLn(q) such that g is repre-
sented by the coset AZ. Hence the order of g is the least positive integer m for which Am = λI ,
where λ ∈ F×q and λn = 1. Now using similar methods used so far for the upper bound of order of
elements which are multiple of p we obtain the following theorem. We shall not give the detail
of the proof but it is proved using Theorem 2.
M.R. Darafsheh / Finite Fields and Their Applications 14 (2008) 992–1001 1001Theorem 3. If A ∈ PSLn(q), q = pf , has order a multiple of p, then O(A) is bounded above by
the following numbers. Moreover O(A) attains each upper bound:
(a) p if n = 2,
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